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ESSENTIALLY NORMAL COMPOSITION OPERATORS ON 

MOR KATZ 


Abstract. We prove a simple criterion for essential normality of composition 
operators on the Hardy space induced by maps in a reasonably large class S of 
analytic self-maps of the unit disk. By combining this criterion with boundary 
Caratheodory-Fejer interpolation theory, we exhibit a parametrization for all 
rational self-maps of the unit disk which induce essentially normal composition 
operators. 


1. Introduction 

For ip an analytic self-map of the unit disk D, the composition operator : f —>■ 
foip induced by v? is a bounded operator on the Hardy space H^. A bounded opera¬ 
tor A is said to be essentially normal if its self-commutator [A*, A] = A*A—AA* is a 
compact operator, and trivially essentially normal if A is either normal ([A*, A] = 0) 
or compact. Normal composition operators on were characterized by Schwartz 
[26] and compact composition operators by Shapiro [27] and, via a different crite¬ 
rion, by Sarason [24] and Shapiro-Sundberg [28]; see also Cima-Matheson [10]. In 
[7], Bourdon-Levi-Narayan-Shapiro characterize the class of linear fractional self¬ 
maps of D that induce non-trivially essentially normal composition operators; these 
maps are exactly the parabolic non-automorphisms of D. These authors provide 
additional examples of essentially normal composition operators induced by maps 
which, like linear fractional non-automorphisms of D, have order of contact 2 with 
9D at one point. To the best of the author’s knowledge, no non-trivially essentially 
normal composition operators with inducing maps having order of contact n > 2 
with 9D were known prior to the present work. 

In this paper we prove a simple criterion (Theorem 6.7 below) for essential nor¬ 
mality of composition operators induced by maps ip in the class S introduced by 
Kriete-Moor house in [21]. Roughly speaking, the class S consists of analytic self¬ 
maps of D that have “significant contact” with 9D at only a finite number of 
points, with ip having “sufficient derivative data” at every such point. As a corol¬ 
lary, we show that for a self-map of D which extends analytically to a neighbor¬ 
hood of D, is non-trivially essentially normal if and only if ip fixes one point 
of 9D, has derivative equal to 1 there, and maps the rest of 9]D> into D. Note 
that for the linear fractional case this criterion is equivalent to the characterization 
described above. Our criterion, in conjunction with boundary Caratheodory-Fejer 
interpolation theory, yields a parametrization for all rational self-maps of D that 
induce non-trivially essentially normal C^p on H^. 
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We rely on results from three distinct areas, presented in Sections 3-5. First, 
we explore a special case of a boundary version of the Caratheodory-Fejer prob¬ 
lem studied by Agler-Lykova-Young in [1, 2]. Second, we discuss relations in the 
Calkin Algebra using results by Kriete-Moorhouse [21]. In particular, we derive 
a decomposition of a composition operator modulo the ideal K. of compact oper¬ 
ators into a sum of composition operators induced by “basic” rational functions 
(Theorem 4.4). Third, using formulas and ideas from Bourdon-Shapiro [8], based 
on work of Cowen-Gallardo [14] and Hammond-Moorhouse-Robbins [17], we obtain 
an operator formula for C^C* where tp is rational and ip is an auxiliary map, and 
reduce this formula modulo 1C. Additionally, Faa di Bruno’s formula, an identity 
generalizing the chain rule, plays a significant role. 

The author thanks her advisor, Thomas Kriete, for sharing his vision and for 
his continuous guidance, and Paul Bourdon for his insightful suggestions. She also 
thanks Vladimir Bolotnikov for sharing his ideas about boundary interpolation on 
the unit disk. 


2. Preliminaries 

2.1. Generalized Chain Rule - Faa di Bruno’s Formula. 

Faa di Bruno’s formula is an identity generalizing the chain rule that has been 
known since 1800. The following is the statement of the formula in combinatorial 
form. 

Theorem 2.1 (Faa di Bruno’s formula). [19] If g is analytic at z and f is analytic 
at g{z), then 

(2.1) (/ o g)^^\z) = ^ f^\-\\g{z)) • J] 

TT^n BGtT 

where H is the set of partitions of {1, k}. 

We define the order data of a function h at a point z to be the vector 
Dn{h,z) = {h{z),h'{z),...,h^'^'>{z)). 

Note that as a consequence of Faa di Bruno’s formula, Dk{f o g, z) is determined 
by Dk{g,z) and Dk{f, g(z)) when g is analytic at z and / is analytic at g{z). 
Furthermore, in this case we can rewrite Eq. (2.1) as 

( 2 . 2 ) 

(/ o 5)'"^ (^) = {gizWizf + F{Dk-iif, giz)),Dk-iig, z)) + /'(^(z))^^'') (z), 

where the first term originates from the partition tt = {{1}, {2},..., {/c}}, the last 
term originates from the partition tt = {{1, 2,..., fc}}, and F is defined by 

F{{ao,ai,...,ak-i),ibo,bi,...,bk-i)) = ^ «k| ' H ^1^1' 

TT^n B^TT 

l<|7r|<fc 


2.2. Order of Contact. 

Our treatment of order of contact is similar to that in [21]. We define the notion 
of order of contact with the boundary both in the context of the unit disk D and 
in the context of the upper half-plane H. 
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Definition 2.2. Let be a neighborhood of some C G i9ID) and let (p be analytic 
on ynlD) satisfying (p(V flD) C D. We say that (p has contact with 9D at C of order 
c > 0 if the following conditions hold. 


(i) 


(ii) 


(p(() := lim (p(z) exists and (p(0 G 9]D>. 

l'P(C) - 

is essentially bounded above and away from zero as e*® —>■ (. 


A conformal mapping argument together with an application of Fatou’s theorem 
shows that the non-tangential boundary values ip(e‘^) exist a.e. on y fl i9ID), and 
similarly for the half-plane definition below. 


Definition 2.3. Let W be a neighborhood of 0 and let / be analytic on bF fl H 
satisfying f(W fl H) C H. We say that / has contact with K at 0 if the following 
conditions hold. 


(i) f(0) ■■= lim f(z) exists and /(O) G M. 
z->-o,zewnM 


(ii) 


Im/(a;) 

lf(0)-f(x)l^ 

is essentially bounded above and away from zero as a; —>■ 0 in R. 


We transfer D to H using the family of conformal maps Tq : D —>■ H for a G ^D, 
defined by Tc,: z Note that (p has order of contact c with 9D at C if and 

only if / = r^(^) o (p o has order of contact c with R at 0. 

Order of contact is more easily understood in the context of the upper half-plane. 
To gain some intuition, suppose that / maps W fl HI into HI for some neighborhood 
VF of 0 and is analytic at 0 with Taylor expansion f{z) = there. By 

taking imaginary parts, we see that / maps an interval in R containing 0 into R if 
and only if all the coefficients ak are real. Otherwise, for n = min{A:: Imofc 0} 
we have that 0 < Im/(a;) ~ Im(a„)x” as x —>■ 0 in R. We see that n must be even, 
Ima„ > 0, and 

Im/(x) Im(a„)x” 

TTTTN- 7} —r;— ~ “i i- = const, 

1/(0) -/(a;)|” |ai|"x" 

so that / has order of contact n with R at 0 (see discussion in [21]). 

We use Faa di Bruno’s Formula to determine the order of contact of composite 
maps which extend analytically to a neighborhood of the point of contact. 


Proposition 2.4. Let fi and /2 be funetions mapping IF fl HI into HI for some 
neighborhood W of 0 that are analytie at 0, and suppose that fi fixes 0. Then the 
following statements hold. 

(i) If for i = 1,2, fi has order of contact Ni with R at 0, then /2 o fi has order 
of contact equal to mm{Ni, N 2 ) with R at 0. 

(ii) If one of fi and f^ has order of contact N with R at 0 and the other maps 
an interval of R containing 0 into R, then /2 o fi has order of contact N 
with R at 0. 

Proof. Let fi{z) = hiz) = Taylor series of fi 

and /2 about 0. Let = min{fc: Imuk ^ 0} and N 2 = min{fc: Imbk 0}, 
allowing for 00 in the case where all coefficients are real. Let K = min{A^i, iV 2 }, so 
that K is finite under the assumption of either of the statements we aim to prove. 
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Since oi, uk-i, bi,bx-i € M, using Theorem 2.1(Faa di Bruno’s formula) and 
induction, we get that (/2 o/i)'(O ),(/2 o(Q) are all real valued. By 
Eq. (2.2) at z = 0 we have 

(/2 o/i)(^)(0) = + F{DK-i{f2,0),DK-i{fi,0)) + fmA''\o), 

and taking imaginary parts we get 

Ini (/2 o /i)(^)(0) = /{(0)^Im/('^)(0) + /'(0)lm/f )(0). 

Since ai,6i > 0, and ImaK,Im&/c > 0 with at least one of them positive by the 
definition of K, it follows that Im (/2 o /i)^^^(O) > 0. Thus /2 o fi has order of 
contact K with M at 0. □ 


2.3. The Class of Functions S. 

We work in the class of functions S, introduced by Kriete-Moorhouse in [21], 
consisting of analytic self-maps (/? of D with certain properties of boundary regu¬ 
larity. The motivating model for a function in S is an analytic self-map of D which 
extends analytically to a neighborhood of ID) and is not a finite Blaschke product. 
In particular, we restrict the number of points of significant contact with the unit 
circle, and require relatively nice behavior at these points of significant contact. To 
make a precise definition, we first discuss Clark measures. For C G 9D, we let (p{C) 
denote the non-tangential limit of tp at and denote the angular derivative 

of (fi at (. If (fi'iC) does not exist we say that |</5'(C)| = oo- If ^'{0 does exists, then 
(fi'iC) = CV5(C)|V5^(C)I: and in particular (p'{() > 0 if (/? fixes ( [15]. 

Let (fi be an analytic self-map of D. If |a| = 1, there exists a finite positive Borel 
measure /Xq- on 9D such that 

1-|V3(2))P + 


\a - </j(z)|2 


= Re 


a — (p{z) 


= / P:,{F*)dpLa{t) 


/3D 


1 I zl^ 

for z in D, where Pz{e^^) = is the Poisson kernel at z. The existence of p,a 

follows since the left side the equation above is a positive harmonic function. The 
measures /Xq, are called the Clark measures of if (see [11], [25]). 

The singular part of the measure, /x®, is carried by f~^{{a}), the set of those 
C, £ dB where if(() exists and equals a. The measure /x® is the sum of the pure 
point measure /x[(^ = X](, 3 (<-)=a |y'(c)l '^C I® point mass at C, and 

a continuous singular measure /x“, either of which can be zero. We write E(ip) = 
U|q|=i where spt{fj,) denotes the closed support of a measure and note 

that for any ip, F{f) = {C: v? has finite angular derivative at C} is a subset of E{f). 
Furthermore, if E{f) is finite then the continuous singular measures /x“ all vanish, 
and we get that E{ip) = F{ip). For any ip, is a compact operator on if 

and only if E{(p) is the empty set, see Sarason [24], Shapiro-Sundberg [28], and 
Cima-Matheson [11]. 


Definition 2.5. We define the class S to be the set of analytic self-maps of ID 
satisfying the following conditions. 

(i) \ip{F^)\ < 1 a.e. on 9D. 

(ii) E{ip) is a finite set, so that E{f) = F{ip). 

(iii) For each point C G F{f), there exists an even positive integer n such that 
f has order of contact n at and complex numbers oq, oi,..., a„ with 

f{z) = oo -I- ai(z - C) + ••• + aniz - C)" -I- o(|z - CD 
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as z —>■ C unrestrictedly in D. 

Note: it can be shown that for any (p, (ii) implies (i). 

For (p € S with order of contact n at (, we define the derivatives of v? at C by 

•= ^ = j\aj 

2-5-C 

for j = 1,n and note that these non-tangential limits do exist (see the argument 
in [25, p 47]). 

Proposition 2.6. S contains all self-maps o/D that extend analytieally to a neigh¬ 
borhood of D and are not finite Blaschke products. 

Proof Let p be such a map defined on a neighborhood V of ID), and define A = 
{C G dD: |:/j(C)| = 1} to be the set of points where p has contact with i9ID. Then A 
consists of zeros of the analytic function f(z) = p{z) — Peiz), where pe = po po 
and p: z i—> 1/z is inversion in the unit circle. To obtain a contradiction, suppose 
that A is infinite. Then / must be identically 0 on P and p must be a finite Blaschke 
product, contradicting our assumption. Thus A is finite and P(p) C zl is finite as 
well. Now let f € P(p) = E{p)- Note that p is analytic at f and maps a small 
arc containing C onto a curve with contact with 9D at exactly one point. Thus p 
has finite (necessarily even) order of contact, say n, with 9D at f. To complete the 
proof, we use the Taylor coefficients of (p at C to write 

p{z) = oo + ai(z — <C) + ... + a„(z — 0" + o(|z — CD- 

□ 


2.4. The Denjoy-Wolff Point. 

If p is an analytic self-map of D, not the identity and not an elliptic automor¬ 
phism, then p has a unique attractive fixed point to in D. If to lies on 9D, it is 
characterized by p{uj) = uj and 0 < p'(uj) <1. As above, p(uj) is interpreted in 
the sense of nontangential limit and p'{uj) is the angular derivative at w; see [15, 
Section 2.3]. 


3. The Boundary Caratheodory-Fejer Problem 

The Caratheodory-Fejer problem [9, 4] is to determine whether a given finite 
sequence of complex numbers comprises the initial Taylor coefficients of an analytic 
map / mapping the unit disk D to the upper half-plane H. In this section, we explore 
a special case of a boundary version of the Caratheodory-Fejer problem studied 
by Agler-Lykova-Young in [1, 2], where the functions considered are analytic self¬ 
maps of H. We note that Bolotnikov studies an alternative version of boundary 
interpolation, where the functions considered are self-maps of D [5, 6]. 

For any a; in K. we let Vx denote the set of maps in V that extend analytically 
to a neighborhood of x, where V is the Pick class consisting of maps / analytic on 
H which satisfy Im/(z) > 0 on H. In [1], Agler-Lykova-Young study a boundary 
interpolation problem, denoted dCFV, where the interpolation node x lies on R 
and solutions lie in Vx- In the subsequent paper, [2], weaker solutions to dCFV, 
having non-tangential pseudo-Taylor expansions, are considered. For our purposes, 
unrestricted pseudo-Taylor expansions will suffice. We restrict attention to the case 
where solutions to dCFV have even order of contact n with R at 0. The following 
is a consequence of [1, Theorem 1.2(2)] and [2, Theorem 5.2]. 
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Theorem 3.1. [1, 2] Let n = 2m be an even positive integer, ao, ■■■, a„_i € M and 
an € H, and let Hm{ai, be the Hankel matrix defined by 




ai 

02 

.. (XjYi 


Cf-n—l) — 

02 

03 





Om-t-1 

.. Q^n—i 


Then the following are equivalent: 

(i) There exists a function f € Vo that has initial Taylor coefficients ao,a„ 
at 0. 

(ii) There exists a function f € V satisfying 

f{z) = ao + aiz + ... + anz'^ + o{\zf) 
as z —>■ 0 unrestrictedly in H. 

(Hi) Hm{ai, ...,an-i) > 0, i.e., this matrix is positive definite. 

3.1. Parametrization of Solutions to the Contact-n Case. 

In [1], Agler-Lykova-Young give a parametrization of all solutions in the case 
where ao,..., a„ are real. We apply the same techniques to the order of contact n 
case, that is, the case where ao, ...,ari_i € K and a„ € H, and arrive at a similar 
parametrization. The main tool used is a technique for passing from a function in 
the Pick class to a simpler one and back again due to G. Julia [20]. Reduction and 
augmentation (at 0) of a function are defined as follows. 

Definition 3.2. For any non-constant function f G Vo such that /(O) G M, we 
define the reduction of / (at 0) to be the function (/ on H given by the equation 

1 1 
f(z)-f(0)^ f'(0)z- 

Definition 3.3. For any function g G Vo and any ao G M, ai > 0, we define the 
augmentation of g (at 0) by ao, ai to be the function / on H given by 

f(z) = ao + —— 

—— q(^) 

Reduction and augmentation preserve the Pick class (see [3, Theorem 3.4]) and 
are inverse operations for functions in Vo, that is, 

(i) ii f G Vo is non-constant and /(O) G M then the reduction g oi f is in Vo 
as well, and / is the augmentation of g by /(0),/'(0); 

(ii) ii g G Vo and ao G R, ai > 0 then the augmentation / of g by ao, ai is in 
Vo as well and satisfies /(O) = ao and f'(0) = ai, and g is the reduction of 
/• 

The relationship between the Taylor coefficients of a function and those of its 
reduction is explicitly expressed in [1, Proposition 2.5]. The following corollary to 
[1, Proposition 2.5] includes a statement contained in [1, Corollary 3.3]. 

Corollary 3.4. Let f G Vo satisfy /'(O) > 0, and let g be the reduction of f. Let the 
Taylor expansions of f and g about 0 be f(z) = “ '^7=0 ■ 

Then the following statements hold. 

(i) For any n > 2, ai,...,a„ determine bo, ...,bn -2 and in the other direction 
ai,bo,..., bn -2 determine a 2 , ...an- 
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(ii) If ao G M then for any k > 2, Uk is the first non-real Taylor coefficient of 
f if and only if bk -2 is the first non-real Taylor coefficient of g, that is to 
say, reduetion reduces the order of contact by 2. 

(Hi) Hmiai,...,a 2 m-i) > 0 if and only i/& 2 m- 3 ) > 0. 

Proof, (i) and (ii) follow from [1, Proposition 2.5] and a calculation, and (iii) is 
contained in [1, Corollary 3.3]. □ 


For a matrix A = 


ail 

021 


transformation by L[A\'. 


012 

022 


we denote the corresponding linear fractional 


L[A]h 


aiih + 012 

021/1 + 022 


With this notation, introduced in [1], we can express the augmentation / of g by 
oojOi by f(z) = L[A{ao, ai)(z)]g{z), where A{ao,ai)(z) is defined by 


^(oo,oi)(z) 


OqOiZ —Oo — OiZ 
OlZ —1 


Note that composition of linear fractional transformations corresponds to matrix 
multiplication, and so this notation enables conversion of multiple augmentations 
into matrix multiplication. 

Theorem 3.5. Let n = 2m be an even positive integer and let ao ,..., a„_i G M and 
a„ G H 6e such that Hm{ai ,..., a„_i) > 0. Let 


(0) (1) 

ao = a}, fa}. a, 


^0 


^0 e 


ai = a 


(0) 

1 ’ 


a 


( 1 ) 

1 > 


a 


(m-l) 

1 


> 0 , 


be the parameters determined by ao, ...fan via the procedure in the proof below. Then 
a functions f € Vo has initial Taylor coefficients ao,..., a„ if and only if f is of the 
form 


f{z) = L[A{a‘'o\a‘f'>){z)---A{a^^ 4”" ^'’)iz)]giz) 

where g & Vo and satisfies g{0) = a^K 

Proof. Note that by Theorem 3.1, there exists a function Fo G Vo with initial Taylor 
coefhcients ao,...a„. We inductively define Fk+i G Vo to be the reduction of Fk 

(k) (k) 

for k = l,...,m, and a( ,a{ ,... to be the Taylor coefficients of Fk at 0. Notice 
that for each k, Fk is the augmentation of Fk+i by so that Fk{z) = 

L[A{a‘}l^\a[^'^)]Fk+i{z), and so Fo can be written as 

Fo{z) = of ^)(z) • • • A{al)(^~^\a^j^~^^){z)]Fm{z). 
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By Corollary 3.4(1), all the Taylor coefficients listed below are determined by 
oo,a„ and do not depend on our choice of Fq. 


Fg 

red 

-> 

Fi 

red 

- )> 

ag 


a^g'^ 


ai 




02 


0-2^ 



red 
-)• 


Fm-l 

(m—1) 

“o 

(m-1) 

a\ 

^2 


red 
-)• 


a 


(m) 

0 


^n—2 ^n—2 

^n—1 

an 

In general, for k = we have that \ ■■■o!'n- 2 k determined. It follows 

from Corollary 3.4(ii) that ^ ® ^ i-®-’ non-bold 

coefficients above are in R and all the bold coefficient are in H. In particular, we 
get that 

Oq = aQ°\ ..., G K, Oq™^ G H. 

Additionally, Corollary 3.4(iii) implies that for k = 1, ...,m — 1 the Hankel matrix 

positive, and so in particular we have 


(0) 

oi = a) , 


,(i) 




> 0 . 


Note that since Fq, F^-i are all real valued at 0 and non-constant, taking the 
above reductions makes sense. 

To prove the forward implication, suppose / = /o G Pq has initial Taylor coeffi¬ 
cients oq, ...,a„, and let fk denote the reduction of /q. As discussed above, the 


first n — 2k + l Taylor coefficients of fk are Ug 
as 


(fe) Jk) 


...a. 


n — 2k'> 


and so /g can be written 


/o(z) = T[A(4°\a^°^)(z)---4"" ^^)(z)]/™(z), 

with /m satisfying /„(0) = 

To prove the backward implication, let 5 = /m G Po satisfy g(0) = Og™^ and 
inductively define fk for k = m— 1,..., 0 to be the augmentation of fk+i by Og^^, a [^'^, 
i.e., fkiz) = L[A{aQ^\a[^'^)]fk+i{z). In order to complete the proof note that it 
follows from Corollary 3.4(i) that for each k the hrst n — 2k+l Taylor coefficients 

of fk are again ■■■a^n- 2 k- 


Note that by multiplying the matrices in Theorem 3.5, we get that functions 
f € Vo with initial Taylor coefficients oq, ..., a„ are of the form 

^ p{z)h{z) + q{z) 
r{z)h{z) + s(z) ’ 

where p, q, r, s are polynomials with real coefficients of degree at most m deter¬ 
mined by ao,...,a„ and h G Vo satisfies h{0) = hg, where hg is determined by 
oq ,..., a„. Additionally, a calculation of determinants shows that for some K > 0 
the polynomials p, q, r, s satisfy {ps — qr){z) = Kz"^. 
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We let the Taylor coefficients oq, ...a„ vary to obtain the following corollary. 

Proposition 3.6. Let f G Vo. Then f has order of eontact n = 2m with at 0 if 
and only if f is of the form 

f{z) = of ^)(z) • • • 

where g G Vo satisfies g(0) G HI and 


( 0 ) ( 1 ) 

% ,% ,-;^0 


(m-1) 

an G 


JO) „(1) 


(m-1) 


> 0 . 


Furthermore, for any f G Vo this representation is unique. 


Proof. For the first direction, assume / has order of contact n = 2m with R at 0, 
and let oq, a„_i G R and o„ G HI be the initial Taylor coefficients of / at 0. Then 
by Theorem 3.1 we get that ..., a„_i) > 0, and so by Theorem 3.5 / is of 

the desired form. 

For the other direction note that any / of this form is obtained by applying 
m augmentations to g G Vo, and so / G Vo. Recall that by Corollary 3.4(ii), 
augmentation increases the order of contact with R by 2, and so g(0) G HI implies 
that / has order of contact 2m = n. 

To see uniqueness, notice that if 

f{z) = L[A{a^°\af’^){z) ■ ■ ■ 

then = fk{0),a[^'^ = /fc(0) and g = f^ where fk denotes the reduction of 
/• □ 


3.2. Rational Functions with Specified Taylor Coefficients. 

We turn our attention to construction of simple solutions to dCFV. We con¬ 
struct rational maps f G Vo which map 0 into R and the rest ofR = RU{oo} into 
HI and have specified initial Taylor coefficients at 0. Additionally we require that 0 
be a regular value for /, i.e., that /“^({O}) consists of d distinct points where d is 
the degree of /. 

Observation 3.7. Reduction and augmentation preserve rationality and boundary 
behavior of functions in the sense that if g is the reduction of /, then the following 
assertions hold. 

(i) g is a rational function of degree d if and only if / a rational function of 
degree d -I-1. 

(ii) For any a; G R \ {0}, Img(x) > 0 if and only if Im/(x) > 0. 

Proposition 3.8. Let f beinV and suppose that for some n = 2m, f has pseudo 
Taylor coefficients 

fJ)(z) 

hm—-— = Ok for k = 0,1,...,n, 
z-^0 kl 

where the limits are taken unrestrictedly in HI, such that ao, ui,..., Un-i G R and 
a„ G H. Then there exists a degree m + 1 rational function fo G Vo that has 0 as 
a regular value, maps R\ {0} into HI and has initial Taylor coeffieients oq, ..., a„ at 
z = 0. 


Proof. By Theorem 3.1, Hm{ai,..., a„_i) > 0 and so by Theorem 3.5 we have that 
for any g GVq with g(0) = aQ™\ 

F(z) = a^°^)(z) • • • a^™“^^)(z)]g(z). 
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is in Vq with the desired Taylor coefficients. Here = oq, G K, 

Og™^ G H and = oi, ..., > 0 are determined by oq, ..., a„. 

For any li; G H, we define gw{z) = + i-wz ’ 9 

is a degree 1 rational function in Vq. Note that gw can be written as the sum of 
Imog™^ and an augmentation of the constant function ru, and so by the observation 
above gw maps R into H. Let Fw denote the function F above resulting from the 
choice g = gw and note that Fw is obtained by applying m augmentations to gw- 
Thus Fw is a degree to + 1 rational function mapping R \ {0} into H. 

It remains to find a w G IH such that 0 is a regular value for Fw- We write 

p{z) q{z) 

_r{z) s(z) 

so that p, q, r, s are polynomials of degree at most to + 1, and Fw{z) = r(zjm+a(zj • 
Note that a calculation of determinants shows that p, q, r, s satisfy {ps — qr){z) = 
{a^PYz^ ■ ■ ■ = Kz^^'^ for some iG ^ 0, and recall that Fw has degree to + 

1. An elementary argument considering degrees and common factors of polynomials 
shows that Fw{z) = 0 has to + 1 distinct solutions for all but finitely many choices 
of w G C. □ 

Note that if we forgo the requirement that 0 be a regular value of /g, the choice 
g{z) = in the above proof suffices, and the degree of /o is reduced to to. 

4. Relations In The Calkin Algebra 

In [21], Kriete-Moorhouse investigate compactness of linear combinations of com¬ 
position operators where the inducing maps lie in the class S. We review some 
definitions and results from [21], then apply our results from Section 3 to obtain a 
decomposition of such a composition operator, modulo the ideal /C of compact op¬ 
erators, into a sum of composition operators induced by basic or rational functions 
(see Definition 4.2). 

Additionally, we review a result from [21] regarding weighted composition op¬ 
erators modulo /C and use this result in the proof of a similar result concerning 
weighted adjoints of composition operators. 

4.1. Linear Relations in the Calkin Algebra for Composition Operators. 

In [21], Kriete-Moorhouse show that information relating to compactness of a 
linear combination of compositions operators ciC^-^ + ■.■ + CrC^^, where pi ,..., (pr G 
S, is carried by the behavior of the functions tpj at their points of contact with the 
unit circle. More precisely, the relevant information for at a point of contact C is 
Dnip, C) = {‘fiOi ¥’^”^ 0)7 where n is the order of contact of p with the unit 

circle at C. The following result determines compactness of a linear combination of 
composition operators for operators induced by functions in S. 

Theorem 4.1. [21, Theorem 5.13] Let ipi,...,(pr in S and write F for the union 
F{lpi) U ... U F{ipr), n finite set. For C, in F and fc = 2,4,6,..., let 

Nfe(C) = {j : F{(pj) contains C, and k is the order of contact of pj at C} 
and let 

£k{C) = {Dk{(pj,C) ■■ j is in Nfe(C)}. 

Given complex numbers ci, ■..,Cr, the following are equivalent: 


= A(a^°\a[°^)(z)---A(( 


(m — 1) (m—1) 


0 


ar-^')(z)A(arA)(z), 
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(i) ciC^^ + + CnC,p^ is compact; 

Cj = 0 for every C. in F, every even k >2 and every d in Sk{C)- 

leNfe(c) 

Dk{VjX) = d. 

Our goal is to decompose C^p, modulo 1C, into a sum of composition operators 
induced by basic functions. 

Definition 4.2. A function (p analytic on D is a basic function with contact at f 
if the following hold. 

(i) (p is a rational function mapping the unit disk D into itself. 

(ii) (/^(C) is on the unit circle, and p maps the rest of the unit circle into D. 

(hi) (/?(C) is a regular value for p. 

Lemma 4.3. Let (p € S and f € F(p). Let n = 2m denote the order of contact of 
p with 9D at C- Then there exists a degree m + 1 basic function po with order of 
contact n with i9ID) at f which satisfies Dn{po,C,) = T>n{p,C)- 

Proof. We begin by defining A = p{() and f = t\o p o . Then f CV and since 
p € S has contact with 9D of order n at f, there exist 01 , 02 , ...,o„_i € M and 
a„ € H such that / satisfies 

f(z) = 0 + ai{z - x) + ... + an{z - a;)" + o{\z - x\"‘) 

as 2 ; —>■ 0 unrestrictedly in H. By Proposition 3.8, there exists a degree m + 1 
rational function F G Vq that maps K \ {0} into H, has initial Taylor coefficients 
oo = 0, oi,..., On at z = 0, and has 2 ; = 0 as a regular value. 

We define po = o F o t,; and get that po is a degree m + 1 basic func¬ 
tion with order contact n with 9D at f. Note that as a consequence of The¬ 
orem 2.l(Faa di Bruno’s formula), iA„(F,0) = D„(/,0) implies that po satisfies 
T>nipo, C) = T)n{p, C) as desired. □ 

Theorem 4.4. Let p G S with F{p) = {Ci,...,Cr} and let Uj = 2mj denote the 
order of contact of p with the unit circle at Q. Then there exists a decomposition, 

Cp = Cp^ Cp^ (mod 1C), 

where for each j = 1,..., r, pj is a basic function of degree mj + 1 which has contact 
of order Uj at Q and satisfies D„^ (Pj^Cj) = T>nj (p, Cj)- 

Proof. Existence of pi,...,pr follows from Lemma 4.3. The result follows by ap¬ 
plying Theorem 4.1 to p, pi, ...pn with constants 1, —1,..., —1. □ 

Note that we can reduce the degree of the rational maps pi, ...,pr in the above 
decomposition to mi,..., mr respectively by relaxing the condition that these func¬ 
tions be basic and requiring only that they be rational self-maps of D having contact 
with 9D at exactly one point. 

4.2. Weighted Composition Operators and Adjoints in the Calkin Alge¬ 
bra. 

Given a bounded measurable function w on 5D, we consider the multiplication 
operator : / 1 —>■ wf which can be viewed as mapping L^ to L^, Ff^ to L^, 
or if w is in F[°°, to H^. Additionally, we consider the Toeplitz operator 
Tto = (where P is the orthogonal projection of onto Ff'^) which maps 

to Fl^ regardless of the choice of w. 
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In [21], it is shown that the coset of the weighted composition operator M^Ccp 
modulo the subspace of compact operators from H'^ to (also denoted by JC here 
for convenience) is in some sense determined by the values of w on E{ip). For the 
special case that ip G S has contact with 9D at exactly one point, we have the 
following corollary. 

Corollary 4.5. Let p G S be such that F{p) = {((}. Suppose w is a bounded 
measurable function on 9D such that w is continuous at f. Then the to 
operator satisfies 

MwC^ = w{C)C^p (mod 1C). 

Proof. Let v{z) := w{z) — w(C)- Then v is bounded on i9ID), continuous at C and 
satisfies u = 0 on eIp) = F{p) = {^}. Thus by [21, Theorem 3.1], MyC^p = 
MyyCp — w{()Cp is compact. □ 


In Proposition 4.7 we prove a similar result for weighted adjoints of composition 
operators. The proof relies on existence of an H°° function which satishes several 
boundary conditions. 


Lemma 4.6. Let L be an open arc in i9ID) and suppose X G I. Let v be a non-negative 
bounded function on 9D which is continuous on I, continuously differentiable on 
I \ {A} and satisfies v{X) = 0. Then there exists an analytic function 6 on ID which 
extends continuously to D and satisfies both 6(A) = 0 and |6(e*^)| > v(e*^) on 9D. 


Proof. Let J be a closed sub-interval of I whose interior contains A, and dehne u 
on J by M(e*^) = v(e*^) -I- |e*^ — A| for € J. We extend u to all of 9D in such a 
way that u is continuously differentiable on 91D \ {A} and satisfies 

M(e*^) > u(e*^) + |e*^ - A| 

for all G 9D. Then logn is integrable on 9D and so we can define an analytic 
function 6, on D by the Herglotz integral 


/•2tv i0 


■z, , j9.de 


Note that since logn is continuously differential on i9ID\{A}, h extends continuously 
to 9D\ {A}, see [18, pp 78-80]. 

Let 6 = e^, so that 6 is a bounded analytic function on ID that extends continu¬ 
ously to 9D \ {A}. Moreover, 


[ 6(^)1 = exp ^'"p,(e*«)logu(e^^)^) , 

where Pz(e*®) is the Poisson kernel at 2 :. Since log'u(e*®) — >■ —00 as e*® — >■ A, 
standard estimates on P^ show that b{z) —>■ 0 as z —>■ A. Thus 6 extends continuously 
to all of 91D with 6(A) = 0. Finally, we note that |6(e*®)| = |t6(e*^)| > v{e^^) on 9D. 

□ 


Proposition 4.7. Let p G S be such that F{p) = {^} and denote A = p{C). 
Suppose that w is a bounded measurable function on 9D such that w is continuous 
on I and continuously differentiable on 7\{A} for some open arc I in 9D containing 
A. Then 


MyyC; = w{X)C(p (mod 1C), 
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where Mw is viewed as an operator from to Lf, and in particular, 

T,,c; = w{x)c; (modIC). 

Proof. It suffices to prove that MyC^ is compact where v = w — w{X) since 

M^c; = + M,,^x))c; = M„c; + w{x)c;. 

Note that v is continuous on / and continuously differentiable on /\{A} and satisfies 
v{X) = 0, and so by Lemma 4.6 there exists a. b G H°° which extends continuously 
to (9ID) and satisfies 5(A) = 0 and |5(e*®)| > u(e*^) on i9ID). We get that for all / G H"^, 

/^27r in 

\\M.c;fr = He^^)nc;f){p0)\^- 

p27Z _ jn 

< I |5(e*^)n(C;/)(e*^)p- = ||M5C;/f, 

and so it suffices to show that is a compact operator from to L^. We 

write 

= PM^; + (/ - p)Mj;c; 

and show that both terms on the right hand side are compact. 

We first note that since 5 is a continuous function on 9D, the operator 
(/ — P)M-fjP is compact (see the version of Hartman’s theorem in [23, p 214, The¬ 
orem 2.2.5]). Thus, the term (/ — P)M-^C^ = {I — is compact from 

to Lf. 

We now show PM-^C^ = T^C* is compact on by looking at its adjoint 
(TjC;)* = Since 5 G H°°, we have = C^Mb = Mbo^C^. We wish 

to apply Corollary 4.5 to MbocpCcp. Recall that ip G S with F{(p) = {^}, and note 
that although the non-tangential boundary function (/?(e*^) is in general defined 
only almost everywhere, we can extend it to all of 9D by setting ip(P^) = ip{() 
on the remaining set of measure zero. It follows from the definition of S that this 
extension (which we also call ip) is continuous at f. Thus b o ip is continuous at f 
and b{ip{f)) = 5(A) = 0, and so Corollary 4.5 implies that MboipCcp is compact as 
desired. □ 

5. Adjoint Formula for Rationally Induced Composition Operators 

Recent work of Cowen-Gallardo [14], Hammond-Moorhouse-Robbins [17] and 
Bourdon-Shapiro [8] has produced pointwise formulas for C*, where the induc¬ 
ing map ip is rational. The constituent parts of these pointwise formulas contain 
multiple-valued analytic functions which do not necessarily represent well-defined 
operators individually. We show how to work with these pointwise formulas to 
produce legitimate operator equations involving C* for the rational case. We then 
consider the case where ip is basic and reduce our equations to the Calkin algebra. 

5.1. Prom Pointwise Formula To Operator Equation. 

Let iy9 be a rational self-map of D of degree d. We associate with ip its exterior 
map ipe '■= p o ip o p, where p: z —>■ 1/z is the inversion in the unit circle. Then pe 
maps De := {z G C: |z| > 1} into itself, and so C D. 

For any simply connected domain V consisting of regular values of pe, there 
exist d distinct branches ai,...,ad of pf^ defined on V, and we have that the sets 
...,<Jd{V) are pairwise disjoint (see [8]). Note that one possible choice of V 
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is the unit disk with radial slits from each critical value of (pe to the unit circle 
removed. A choice that may be much smaller but sufficient for our needs is a small 
neighborhood of a regular value of pe- 

We use the following variant of the pointwise formula for C* introduced by 
Bourdon-Shapiro in [ 8 ]. 

Proposition 5.1. [ 8 , Corollary 8 ] Suppose that V is a set on which d distinct 
branches ai,ad of are defined. Then for all f € and all z € V Dl}, 

(5-1) C^f{z) = zal{z)S*f(aj(z)), 

1 - p(0)z ^ 

where S* is the adjoint of the shift operator S defined by {Sf){z) = zf{z). 

Note that Eq. (5.1) can be rewritten, at least formally, as 

d 

(5.2) + 

1=1 

where hj{z) = za'Az), and A is the rank one operator defined by A(/) := . 

However, the maps Uj are not in general analytic on all of D, and so the operators 
on the right hand side are not in general “legitimate” operators. 

Bourdon-Shapiro define p as outer regular when its critical values all lie in D. 
Note that for outer regular functions p we can choose V = rD for some r > 1. 
Then, restricting domains to D, we have that ui, ...,ad are analytic self-maps of D 
and hi,...,hd are H°° functions. Thus, equation Eq. (5.2) is a legitimate operator 
equation in the outer regular case [ 8 , Theorem 13(a)]. Unfortunately, the outer 
regular case is only possible for order of contact 2 functions. 

Proposition 5.2. If p is a rational self-map o/D having order of contact n > 2 
with the unit circle at C, then p is not outer regular. 

Proof. Let p be as in the assumption and in order to obtain a contradiction suppose 
that p is outer regular. Then there exists a branch a of pf^ mapping p{(f) to f 
and defined on all of D. We transfer the maps to the upper half-plane and work 
with p = o po TQ,'i^e = o TeO tq and a = o a o noting that all 

three maps fix 0 and p,a €Vo. 

Let oo, oi, 02 , 03 denote the initial Taylor coefficients of ^ at z = 0, and bo,biA 2 , bs 
denote those of ct. In Proposition 5.9, we show that cr has order of contact n at p{C), 
and so by Theorem 3.1 the Hankel matrices Hm(ai, ..., o„_i) and Hm(bi, ..., &n-i) 
are both positive, and in particular, their 2 nd leading principal minors, 0103 — 
and 61 &3 — & 2 , are positive. 

In Lemma 5.7 we show that p and ^ have equal Taylor coefficients oq, ..., o„_i. 
Noting that i^oa = id, we can therefore express 61 , 62 , b^ in terms of oi, 02 , 03 using 
Theorem 2.1(Faa di Bruno’s formula). We reach a contradiction by calculating that 

&1&3 - bl = <0. □ 

5.2. Generalized Adjoint Formula in the Calkin Algebra. 

In general, the set V on which ai,..., ad are analytic can not be chosen to contain 
all of D, and so the formal operators Co-j,..., in Eq. (5.2) are not legitimate 
operators. We overcome this difficulty by pre-composing with a map if with image 
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contained in ^flD to obtain analytic self-maps of D, cti oi/;,o i/i. This enables 
us to write a legitimate operator formula for C-^C*. 

Proposition 5.3. Let ip he an analytic self-map o/ID satisfying '!/)(D) C V. Then 

d 

-|- 'y ^ Mfi-oTpC^TjO-ipS* 

i=i 

where hj{z) = z(j'j{z), S* is the adjoint of the shift operator and A is the rank one 
operator defined by A(/) := 

In particular, hj oip are H°° functions and Uj oip are analytic self-maps o/ID). 

Proof. Since ip maps D into V and ai,...,ad are analytic on V, we get that ai o 
Ip, ...,ad o Ip are analytic self-maps of ID (recall that (p“^(ID) C ID). The functions 
(j'l, cr(j are analytic on V and so bounded on ip{lS)), so hi o ip,..., hdO ip are H°° 
functions. To complete the proof, note that by the pointwise formula given in 
Proposition 5.1, for all / G and all z G D we have 

C^C*f{z) = C*f{ip{z)) = - — P^ip{z)a'j{ip{z))S* f{aj{ip{z))) 

l-ip{0)iP{z) ^ 

d 

= {C^Kf){z) + Y,(Mh,oy.C,ioi,S* f){z). 


We turn to the case where is a basic function of degree d with order of contact 
n at C- We denote A = (p{f ) and note that p(A) = A is a regular value for ipe, and so 
there exists a neighborhood V {(p) of A consisting of regular values of (pe- Recall that 
ai{V{Lp)), ...,ad{V{(p)) are pairwise disjoint, and let cr denote the unique branch of 
ipf^ that maps A to f. The following is a generalization of [8, Corollary 15]. 

Lemma 5.4. Let ip be a basic function with contact with (9ID at (j, and let ip be an 
analytic self map o/D satisfying ipfD) C V{ip). Then 

C,pC; = Mho^C^o^S* (mod 1C) 

where h{z) := zcr'(z). 

In particular, ho ip is an H°° (D) function and a o ip is an analytic self-map of 

D. 


Proof. Notice that since p is the identity on 9D, (pe maps exactly one point in i9ID 
(the point () into i9ID and so ipf^idM) = {C}. We also have that the branches 
<Ji,...,ad map i/)(D) to pairwise disjoint closed subsets of D. Thus, for aj ^ a the 
closed set aj{ip{Di)) does not intersect 9D and so \\aj o ip\\oo < 1 and we get that 
the composition operator Cajop is compact. 

Noting that A: / —>■ is rank one, reducing Proposition 5.3 modulo the 

compacts gives 


CpCl = MhopCaopS* (mod 1C) 

where h is defined by h{z) = za'(z), and by the same proposition h satisfies ho ip 
is an II°° (D) function and cr o is an analytic self-map of D. □ 
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For a basic function ip, there exists a neighborhood W((p) of A such that W (ip) C 
V((p), and on which a is bounded away from zero (recall that cr(A) = C). Restricting 
to this neighborhood enables the removal of S* from the formula. In essence, 
working modulo 1C, we transfer a term originating from a summand in the variant 
formula (Proposition 5.1), to a term resembling a summand in the original formula 
[17, Theorem 7]. 

Lemma 5.5. Let ip be a basic function with contact with i9ID) at C,, and ip be an 
analytic self map o/D satisfying i/;(D) C W{ip). Then 

= Mgo^Caoip (mod 1C) 

where g{z) := 2 ^^. 

In particular, g o ip is an iJ°°(D) function and cr o ip is an analytic self-map of 

D. 


Proof. By Lemma 5.4, there exists a Ki € K. such that 

= Mho^C.o^S* + Ki, 

where h is defined by h{z) = za'{z) and satisfies ho ip & i7°°(D), and ct o is an 
analytic self-map of D. Note that since ip maps D into W{ip), the map a o ip \s 
bounded away from zero on D, and so 5 o i/) is an iJ°°(D) function. Recall that for 

f (z') ^ f 0^ 

any / G H'^ and any nonzero 2 : G D, we have that {S* f){z) = -, and so 

z 

for any / G and z G D we have 


(C^c;/)(z) = iMho^C^o^S*f)iz) + iKif)iz) 


= ip{z)a'{ip{z)) 


f{a{ip{z))) - /(O) 


iKif)iz) 


a{ipiz)) 

= 9 {'>P{z))f{cr{ip{z))) - g{ip{z))f{0) + {Kif ){z). 


Thus C.ipC* = Mgo,/,C'crov> — K 2 -\- Ki, where K 2 is the rank one operator defined 
by 772 : f f{0) ■ 9 ° ip, and the proof is complete. □ 


For a linear fractional map ip{z) = - -, we have that ipe{z) is invertible, 

cz -\- d 

and ip~^{z) = a(z) is the Krein adjoint of ip. In [22], Kriete-MacCluer-Moorhouse 
developed the adjoint formula modulo 1C for this case, which states 


c; = 




Ca 


(mod tC). 


This can easily be extended to r G 5 with F{t) = {C}, to produce a formula for C* 
provided r has order of contact 2 with 9ID at (. We can now generalize this adjoint 
formula to higher orders of contact. 

For what follows, recall that f{() denotes the non-tangential limit of / at ^ for 
a function / of D and ^ G i9ID). 


Proposition 5.6. Let ip be a basic function with contact with 9D at C, and let ip 
he a self-map o/D satisfying for some rj G 9D.- 
(i) ipOB) C W{ip); 

(a) Ip is analytic at rj and ip{rf) = A; 

(Hi) V)“^({A}) := {/3 G 9D: ip{pi) exists and is equal to A} = {rj}. 
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Then we have that the map a o ip is in the class S with F{a o ip) 
C,pC^ = (mod 1C). 

Proof. By Lemma 5.5 we have that 


{ 77 } and that 


(5.3) C^C; = Mgo^C^o^ (mod /C), 

where g{z) = g o ip is an iL°°(D) function and cr o i/) is an analytic self-map 

of D. Note that it follows from (i) and (ii) and the definition of W^ip) that the 
maps a o Ip and g o ip are both analytic at rj. In order to apply Corollary 4.5 to 
MgoipCcro-ip, it remains to show that a o ip £ S. 

Recall that E{<joip) = lj|a|=i sptifj.^), where is the singular part of the Clark 
measure for a o ip which is carried by 


(ct o Ip) ^({a}) = {/3 G cffi): (cr o ip){l3) exists and is equal to a}. 


Suppose (cr o ip){(3) = a for some a,/3 G 9D. Then applying (pe we get that tpifd) 
exists and a{ip{pi)) = a. Recall that 73 “^(9D) = {C}, cr(A) = f and a is univalent 
on V{ip). Thus a{ip{f3)) = a implies that a = ( and ip{p)) = A, and so by (iii) we 
have (d = Tj. Therefore .spt{g%) is empty for a ^ and spt{g’)) C {17}. We conclude 
that E{a o ip) c {17} is finite and so E[a o ip) = E{a o ip) = {77}. Since a o ip is 
analytic at rj and does not map an arc of cffl) containing 77 into 9D, a o ip has finite 
order of contact at rj and a Taylor expansion to that order about ij. Thus cr o i/) is 
in the class S. 

Now applying Corollary 4.5 to Mgo^Ccroi/;, Eq. (5.3) becomes 
C^c; = {g o iP){\)C,,^ (mod 1C). 

In order to complete the proof, we calculate [g o ip)(q) = g{X) = ^^ 7 ^ and note 
that |(/3'(C)| = by the Julia Caratheodory Theorem [15]. □ 


5.3. Relationship Between p and a. 

Let 73 be a rational function with order of contact n with the unit circle at C, 
mapping C to A, and suppose that ct is a branch of 79 “^ defined on some neighbor¬ 
hood of A and mapping A to f. Then a o pe = id near f and pe o a = id near A, so 
that Dn{cr o pf., () = (^, 1,0,..., 0) and Dn{pe o f7, A) = (A, 1,0,..., 0). Although p 
and cr are not inverse functions, we show that they are “almost inverse” in the sense 
that Dn-i{cr o p^() = (^, 1 , 0,..., 0), and Dn-i{p o cr. A) = (A, 1,0,..., 0). However 
Dn{cropj C) and D^ipoa, A) are not generally equal, and the precise way that they 
can differ is one key to our main result. 

Throughout this section, we use Theorem 2.I(Faa di Bruno’s formula). We trans¬ 
fer D to H using the family of conformal maps : H) —>■ HI for a G dlD, defined by 
Tq : 2 I—>■ ipp^, and analyze the relationships of (^ = ta o 173 o ^ = txo peO 
and a = T(^ o a o r))^. Note that p^a G Vo and that ^ is the upper half-plane 
exterior map associated with p, that is, ^(z) = p(z). 

Lemma 5.7. Dn-i{p,C) = Dn-i{pe,C) and p^'^l{() pi'^\c). 

Proof. By the discussion in Section 2.1, it suffices to show that 

iA„_i(^, 0 ) = iA„_i(^, 0 ) and ( 0 ) ( 0 ). 
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Let (p(z) = ttkZ^ be the Taylor expansion of (p about 0. Then (pe(z) = (p(z) = 

J^^cTkZ^, and so we have 

(0) = k!ak and = klot 

for all k. To complete the proof, recall that (p has order of contact n with the unit 
circle, and so oq, oi,..., a„_i € K. and Ima„ >0. □ 

Proposition 5.8. The order data for a o ip and ip o a is given by 

Dn{(J o (/?, 0 = (^C, 1,0,..., 0, ^7^ j 

Dn{ip O a. A) = (^A, 1,0,..., 0, ^7^) . 
where c is the non zero constant given by c = ~ T^\0- 

Proof. By Lemma 5.7 Dn-i{ip, f) = C)) and so by Theorem 2.1(Faa di Bruno’s formula), 

we get 

i:>„_i(CTo,^,^) = Dn_i{ao(p^,() = (C, 1,0, ...,0), 

Dn-l{p> o cr, A) = Dn-l{iPe O (T, A) = (C, 1, 0, ..., 0) . 

We use Eq. (2.2) to we write {a o V3)^”nC) and {a o (/9e)^"^(C) as: 

iaoip)^-\C)=^^^\WiCr+FiD„_,{a,X),D„.,iip,C))+a\X)ip^-\C), 

(a o (^,)(") (C) = a(") (A)^.'(C)” + F(i^„-i(a, A), 7?„-i(^e, 0) + (0- 

Now note that (croi^g)(”)(^) = 0 and Dn-i{(p, () = Dn-i{ipeX)^ so that subtracting 
the above equations yields 

(ao(^)(")(C) = a'(A).((^(")(C)-(^(”)(C)). 

To complete the proof of the first statement, note that Lemma 5.7 implies that 
ct'(A) = l/ip'^{Cf) = l/p>'{Cf) and that c= ip^^\0 — ip^f^\Cf) is non zero. 

Similarly, we apply Eq. (2.2) to {ip o (t)(”)(A) and {ipe o cr)(”^(A), to get 

{p, o a)(") (C) = (C)^'(A)” + E(i^„_i(^, C), (a, A)) + ¥>'(C)a(") (A), 

(y^e o a)(")(C) = ¥>i”HC)<T'(A)" + E(i^„_i(¥>e,C), A)) + (/?'(C)a(")(A). 

We subtract the above equations and substitute l/ip'{Cf) for cr'(A) to get 

(¥> o a)(”) (C) = l/v'{CT • (C) - (0). 

□ 

As an additional application of Faa di Bruno’s Formula, we calculate the order 
of contact of a with 9D at A. 

Proposition 5.9. The map a has order of contact n with 9ID at A. 

Proof. Let ip{z) = OkZ^ and a{z) = bkZ^ be the Taylor expansions of ip 
and a about 0 respectively, and recall that ^{z) = ip{'z) = Note that 

since ip has order of contact n with D, we have that oq, ..., a„_i G M and Im a„ > 0. 

It suffices to show that bo = 0,6i,..., 6„_i G M and Im6„ > 0. By induction on 
k = 2, ...,n — 1 and using Theorem 2.1(Faa di Bruno’s formula) for {a o ^)(^)(0), 
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we see that bo,bk are real valued. To see that Im6„ > 0, we use Eq. (2.2) and 
write 


0 = (d o = a(")(0)^'(0)" + F{D„- 

Taking imaginary parts we get Im(6„) = —^ 
get that Im(6„) > 0. 


l((J, 0), Dn-l{ipe, 0)) + (T'(0)(pe^"^(0). 

Im(a„), and since bi = l/oi > 0 we 

□ 


6. Essential normality 


We begin by characterizing essential normality for the basic case, then prove our 
main theorem characterizing essential normality for C^p for all (p G S. Finally, we 
construct essentially normal composition operators which have arbitrary even order 
of contact with the unit circle at one point. 


Definition 6.1. For e > 0 we define to be the Riemann mapping from D onto 
ll^: — A| < e} n D, which fixes A. Note that ip = extends continuously to i9ID) 
and analytically across i9ID) in a neighborhood of A. 

6.1. Essential Normality For Basic Composition Operators. 


Proposition 6.2. Let ip be a basic function with contact at f which fixes f. Let 
n be the order of contact of ip with 9D at and let a be the unique branch of 
ipf^ defined on a neighborhood off which fixes f. There exists e > 0 such that for 
the following conditions are equivalent. 

(i) is compact. 

(a) Dn{aoip,f) = Dniipoa,f). 

(lit) (p'(C) = 1. 


Proof, (i) (ii): For W = W{ip), note that ip~^{W) fl W is open and contains 

C, and choose e > 0 such that {|^ — Cl < e}n]D) is contained in ip~^{W)C\W. Denote 
and note that both and (p o if map D into W, are analytic at C and fix 
C and satisfy V'~^({C}) = o V')~^({C}) = {C}) and so by Proposition 5.6 we have 




Ca-Qip (inod /C), 


c^o^c; = 




a 


O’OtpO'lp 


Thus, we can express in the Calkin algebra by 




l^'(C)l 


iCipoao'il) CfjopQ.ip'j 


(mod fC). 


(mod 1C). 


Note that if maps an arc of i9ID) containing f into i9ID), and recall that by Propo¬ 
sition 5.9 a has order of contact n at C- Thus, by Proposition 2.4 both a o ip o if 
and ip o a oif have order of contact n at f. Note also that a o ip o if and ip o a oif 
are is in the class S with F{a oipoif) = F{ip o a o if) = {C}. Therefore, by 
Theorem 4.1, Ca-opoip — Cpoaoii, is compact if and only if Dn{a o ip o if, f) = 
Dn{ipoaoif, C). Since if is invertible in a neighborhood of C and as a consequence of 
Theorem 2.1 (Faa di Bruno’s formula), we get that Dn{aoipoif,Cf) = Dn{ipoaoif,Cf) 
if and only if Dn{a o (p,f) = Dn{ip o cr, C)- 

(ii) (iii): By Proposition 5.8, the order data for cr o and o cr is 

equal if and only if ipfCf) = ip'{Cf)^. Note that ip'iCf) > 0 since ip fixes C, and so 
ip'{f) = ^'(0" if and only if ip'{C,) = 1. □ 
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If Cip were bounded below, compactness of C^jA would imply compactness of A 
for any operator A. We prove a weaker result using a technique from [12, section 4]. 
We denote the characteristic function on 9D for the arc = {|2 — < (5}n 9D by 

Lemma 6.3. Let e > 0 and ip = V’c,«- Then for any X = Xs with 0 < S < e, and 
any operator A we have 

Cp,A is compact T^A is compact. 

Proof. Suppose that Cp,A is compact. It suffices to show that the to operator 
M^A is compact. Let ti,t 2 be such that e** parametrizes the curve F^ for ti < t < 
t 2 , and let ai,a 2 be such that parametrizes the curve F^ for ai < t < a 2 . 

Then 

WMJWl = fj\f{.e^^)?^ = £ l/(V'(e*‘))nV''(e*‘)l|| 

/•“2 If 

where m = max{'0^(e **)'. cxi < t < a 2 } is finite since if can be analytically extended 
to a neighborhood of F. 

Note that Cp^A is compact from to and so it is compact from to Lf , 
and that for all / G we have that ||M^A/||i 2 < VTn\\CpjAf\\L 2 - Thus M^^A is 
compact from to Lf. □ 

Proposition 6.4. Suppose cp is a basic function with contact at C. which fixes C- 
Then is essentially normal if and only if = 1. 

Proof. By Proposition 6.2, there exists e > 0 such that for if = f/'C.e; we have 
Ctp[C*,Cip] is compact if and only if (p'{C) = 1. Thus, it suffices to show that 
compactness of Cp,[C*, C^] implies compactness of [C*, C^]. 

Suppose that Cjp[C*,Cip] is compact. Then by Lemma 6.3 with 6 = e/2 and 
X = Xs, we get that T^[C^, C^] is compact. Now since (p £ S with F{(p) = {^} and 
X is continuously differentiable at f, using Corollary 4.5 and Proposition 4.7 we get 

T^[c;,Cf,] = xM0)c;Cf, - xiOc^^c; = [c;, c^] (mod /c), 
and so [C*, C^,] is compact as well. □ 

6.2. General Essential Normality. 

In this section we prove our main theorem identifying the essentially normal 
composition operators induced by a general function in the class S. The first 
statement in the following lemma is due to Clifford and Zheng [13] in the case 
where (pi and (p 2 are linear fractional maps. 

Lemma 6.5. Letipi andip 2 be basic functions with contact at andC ,2 respectively, 
and denote Ai = (/?i(Ci) and X 2 = V? 2 (C 2 )- Then the following hold. 

(i) If Cl ^ C 2 then = 0 (mod 1C). 

(a) If Xi X 2 then = 0 (mod 1C). 

Proof. For the first part, suppose that Ci ^ (2 and note that b{z) = is 

continuous at Ci and C2 and satisfies 6(Ci) = 0 and 6(C2) = 1- Then by Corollary 4.5, 
TbCp^ = Cipj and T-pCf,.^ = 0 (mod /C), and so, 

c;^ ^ {nc„, ) = c;^ t^c^, = = o (mod /c) . 
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For the second part, suppose Ai ^ X 2 and note that c{z) = continuously 

differentiable in neighborhoods of Ai and A 2 and satisfies c(Ai) = 1 and c(A 2 ) = 0. 
Then by Proposition 4.7, TcC*^ = and = 0 (mod /C), and so 

^ ^ o (mod /c). 

□ 

Proposition 6.6. Let (p in S be such that C,p is essentially normal. Then (p 
permutes the elements of F{(p). Furthermore, if ifiC) = C for some € F((p), 
then ip has equal order of contact, say n, with 9]D> at C. and f, and we have 

T'{c,r c 
7^'(CO c'’ 

where c and c' are non zero constants uniquely determined by Dn{(p, C) and Dn{'p, CO 
respectively. 

Proof. Let F{(p) = {Ci = C) Cr} and let (^i,..., be the basic functions with con¬ 
tact of order ni,..., with 9D at fi, ...,fr respectively, guaranteed by Theorem 4.4, 
so that 

C,p = C,p„ F ... F (mod /C). 

For each j, we denote \j = ‘piCj'jj and let aj be the unique branch of {Fj)7^ defined 
in some neighborhood of Xj which maps Xj to Q. 

Let 5 be a polynomial such that 6(Ci) = 1 and 5 is 0 at all the points in 
{C 2 ) •■•C*') Ai,...., Ar} \ {Cl}- Then by Lemma 6.5, Corollary 4.5 and Proposition 4.7 
we get that 


j,k—l,...,r 

( 6 . 1 ) = E - E (mod/C). 

k=l...r j—l...r 

We define a neighborhood W of Ci by 

w = {f] w,)n{ f| Ff\Wk)), 

Xj—^i Afc=Ai 

where Wj = W{ipj) denotes the neighborhood of Xj used in Proposition 5.6, and 
let Ip = V'Ci.c ^ilh e > 0 such that (l^ — Ci| < e} H D is contained in W. Note that 
for each j such that Xj = , the map satisfies 

• V'(ID>) C Wj; 

• Ip is analytic at Ci and ip((i) = ( 1 ; 

• V'-H{Ci}) = {Ci}. 

Similarly, for each k such that Xk = Ai, the map ipi o ip satisfies 

• ((/?! O ^/))(D) c (/9i(VF) C TTfe; 

• (^1 o 1 /; is analytic at Ci and (t^i o i/>)(Ci) = Xk', 

• ( 7^1 oC’)"^({Afc}) = ICi}- 
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Using Eq. (6.1) and applying Proposition 5.6 multiple times, we get 

k—l...r j=l...r 

-^1 


Afc=Ai 


A,-=Ci 


(mod 1C), 


where all the inducing maps ak o o ip and ifj o Uj o ip above are in the class S 
with F{<Jk oipiop)) = F{(pj o aj otp) = {Ci}. Note that the maps akotpioip above 
all map Ci to (^k and the maps ipj o a j o ip above all fix Ci. 

Recalling that C,p is essentially normal, we see that 


( 6 . 2 ) 


Afc=Ai 


U=Ci 


is a compact linear combination of composition operators. Now Theorem 4.1 com¬ 
bined with the properties of the inducing maps in Eq. (6.2) imply that Xk ^ X\ for 
fc ^ 1. By symmetry we conclude that Ai,..., are all distinct. Thus the first sum 
in Eq. (6.2) consists of exactly one term, and the second sum consists of at most 
one term. Again using Theorem 4.1 we see that the second sum must also consist 
of exactly one term and so there is a unique ji such that = </j(Cji) = Ci- By 
symmetry, for any k € {1, ...,r} the exists a unique jk such that Ajj, = tpiCj^) — Ck- 
Thus, ip acts as a one-to-one map of F(ip) onto itself. This proves the first state¬ 
ment. 

Furthermore, Eq. (6.2) becomes and so 

by Theorem 4.1, we have that ai o ipi o pj and o (jjj o ip have equal order 
of contact, say n, at Ci and Z1 „(cti o Lpi o 'p,Ci) = DnpPji o o 'ip,pi = Aj^). 
We use Proposition 2.4 combined with Proposition 5.9 and the properties of ip 
to conclude that ip has order of contact n with i9D at both and Cii- We use 
Theorem 2.1(Faa di Bruno’s formula)combined with invertiblity of in a neigh¬ 
borhood of C to conclude that Dn{<Ji o (/?i,Ci) = Dn^ipj^ o (Tjj,Ajj), and in par¬ 
ticular (cTi o (pi)(”^(Ci) = {iPj! o Now by Proposition 5.8 we get that 

= ^T-^^-yT’ ■«’here Cj = <,^^""^(0) - (t/?j)i""^ (Cj) is a non zero constant 

determined by (ip, Q). By symmetry, the proof is complete. □ 


We now have the tools to prove our main theorem identifying the non trivially 
essentially normal composition operators induced by maps in S. 


Theorem 6.7. Let ip be in S. Then C,p is non trivially essentially normal if and 
only if F{ip) = {C} for some (p € dID, ip fixes (p, and (p'(C) = 1. 

Proof. First note that for the case where F{<p) is empty we have that E{y?) is empty. 
Thus, as noted in Section 2.3, C,p is compact and so trivially essentially normal in 
this case. For the case that F{(p) contains one point, i.e. |E(i^)| = 1, we see that 
the statement is true by using Theorem 4.4 to reduce to the basic case considered 
in Proposition 6.4. 

Now suppose that |E'((/?)| > 1 and, in order to obtain a contradiction, suppose 
that C,p is essentially normal. By Proposition 6.6 ip permutes the points in F{p>) 
and so decomposes F{ip) into disjoint cycles. If C G F{t) is a fixed point, we have 
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by Proposition 6.6 that = 1 and since (f{() > 0 in this case, we get that ( 

is the unique Denjoy-Wolff point of (f. Thus there is at most one v 3 -cycle of length 
1 in F{(f). Since |J^(v3)| > 1, we must therefore have a (p-cyc\e (Ci, in Fi^p) 

for some fc > 1 . 

By Proposition 6.6 we get that (p has equal order of contact n with 9]D> at Ci, Cfe 
and the following equations hold 

p'iCiT Cl ip'{Ck-iT cfc-i y'(Cfc)" cfc 

P'{C2) C 2 ’ ■■■ P'iCk) Ck ’ <P'(Cl) Cl’ 

where cj is a non zero constant uniquely determined by Dn{p>,Q). Taking the 
product of the above equations yields 

P'iClT ■ ■ ■■■ • ‘P'(Cfc)" ^ Cl ■ C2 ■ ... ■ Ck 

p'{C2) ■ • P'iCk) ■ P'iCl) C2 • ... • Cfe • Cl ’ 

and so we get that 

(6.3) (¥>'(Ci)-...-(^'(a))”-' = i. 

Since (Ci,...,Cfe) is a cycle under for each j = the fc-fold iterate p(^k) of 

p fixes Cj and satisfies = p'iCi) ’ ••• ’ p'iCk) by the chain rule. It follows 

that p[k)iCj) > 0 and by Eq. (6.3) i‘p[k){Cj)T~^ = 1- Thus p[k)iCj) = 1 and 
Cl, ..., Cfe all qualify as the unique Denjoy-Wolff point of P(k)j and we have reached 
a contradiction. □ 

Corollary 6.8. Let p he a self-map o/ID which extends analytically to a neighbor¬ 
hood of D. Then C^p is non-trivially essentially normal if and only if there exists 
C € dID such that p fixes f, p'(C) = 1, kind p maps 9]D>\ {C} into D. 

Proof. We can assume that p is not linear fractional. If is a finite Blaschke 
product of degree at least 2, then C^p is not essentially normal by [16]. Otherwise, 
by Proposition 2.6, p G S. If F{p) = E{p) is empty, then Cp, is compact (as noted 
in Section 2.3) and so trivially essentially normal. Otherwise, the claim follows 
from Theorem 6.7. □ 


6.3. Construction of Essentially Normal Composition Operators. 

We combine the criterion for essential normality given in Theorem 6.7 with 
several results from Section 3 to construct essentially normal composition operators 
which have arbitrary even order of contact with 9D at a point C- 


Recall from Section 3 that for a matrix A = 


Oil 

021 


012 

022 


we denote the cor¬ 
responding linear fractional transformation by L[A\, so that L[A]h = 

0210 -I- 022 

and use this notation to express the augmentation / of (/ by oo,oi by f(z) = 
L[A{ao,ai){z)]g{z), where ^(ao,ai)(z) is defined by 


A(oo,ai)(z) 


O0O12: —oo — aiz 

aiz —1 


Additionally, recall from Section 2.2 that for a G i9ID), the map Ta'. z 1 -^ ^ 

conformal map which we use to transfer D to H. 
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Theorem 6.9. Let tp he a rational self-map of ID whieh extends analytically to a 
neighborhood o/ID. Then C^p is non-trivially essentially normal if and only if p is 
of the form p = o f o tq for some ( € 91D with 

f{z) = L[A{0, l){z)A{si,ti){z) ■ ■ ■ A{Sm-l,tm-l){z)]w{z), 

for some n = 2m, si,Sm-i G R; ti, ...,tm-i > 0 and w a rational self-map o/H 
which maps M into H. 

Furthermore, this representation is unique, C. € 9D is the fixed point of ip and 
n = 2m is the order of contact of p with 9ID at f. 

Proof. For the first direction, suppose that Cip is non-trivially essentially normal. 
By Corollary 6.8, there exists f G 91D such that p fixes f and p'{C) = 1, and p 
maps 9D \ {^} into D. Note that for ^ ^ ?7 G 9D, f = Xr^o po does not fix 0 
and so is not of the above form. The properties of p ensure that f = T(^ o p o 
is a rational self-map of HI which fixes 0, satisfies /'(O) = 1 and maps M \ {0} into 
H. Note that since p is analytic in a neighborhood of C, p has order of contact 
n = 2m with i9ID at C, and so / has order of contact n = 2m with R at 0, for some 
positive integer m. By Proposition 3.6 we see that / has a unique representation 
in the form 

f{z) = L[A{sq, tQ){z) ■ ■ ■ A{Sm-l,tm-l){z)]w{z), 

where the self-map w of H satisfies ri;(0) G H and si,...,Sm_i G R, ti,...,tm-i > 0 
are uniquely determined by /. Note that /(O) = 0 and /'(O) = 1, so that sq = 0 
and to = 1- Since w can be obtained from / by taking m reductions, and by the 
observation in Section 3.2, w is a rational function mapping R\ {0} into H. 

For the second direction, let p be of the above form. By Proposition 3.6, / has 
order of contact n with R at z = 0, and so p has order of contact n with i9ID at f. 
Note that / is obtained by taking m augmentations of w and so by the observation 
in Section 3.2 and our assumptions on w, we get that / is rational and maps R\ {0} 
into H. Since the last augmentation performed to obtain / has parameters 0 and 1, 
/ satisfies /(O) = 0 and /'(O) = 1. The properties of / ensure that p = rff^ofoT^^ is 
a rational self-map of D which extends analytically to a neighborhood of ID and has 
order of contact n with 9ID at fixes ( and satisfies p'{C) = 1. By Corollary 6 . 8 , 
the operator Cp is non-trivially essentially normal. □ 


Note that if w is chosen to be a constant function in the formula above, then p 
is a degree m rational self-map of D with order of contact n = 2m with 9D at C, 
which induces an essentially normal composition operator. 

Example. Let C, G 9D, s G R, t > 0 and w G HI and define /(s, t, w) by 


/(s, t, w){z) = L[A{0, l)(z)T(s, t){z)]w 

0 —z sz —s — tz 

z —1 tz —1 


= L 


w = 


—tz^w -\- z 


[stz"^ — tz)w — sz — tz"^ -\-1 


Then for any C, G 9ID, p{(^, s, t,w) = o f{s, t, w) o has order of contact 4 with 
(9ID at f and induces a non trivially essentially normal composition operator. As a 

z^ —t— 2 z —f f 

concrete example, we calculate (/?(!, 0 , l,i)(z) = — ---r- 

z — 2,z o 
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